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Gibbs ensemble Monte Carlo simulations are reported for the vapor–liquid phase coexistence of
argon, krypton, and xenon. The calculations employ accurate two-body potentials in addition to
contributions from three-body dispersion interactions resulting from third-order triple-dipole,
dipole–dipole–quadrupole, dipole–quadrupole–quadrupole, quadrupole–quadrupole–quadrupole,
and fourth-order triple-dipole terms. It is shown that vapor–liquid equilibria are affected
substantially by three-body interactions. The addition of three-body interactions results in good
overall agreement of theory with experimental data. In particular, the subcritical liquid-phase
densities are predicted accurately. © 1999 American Institute of Physics.
@S0021-9606~99!50728-9#
I. INTRODUCTION

It is well established1 that the physical properties of flu-
ids are governed overwhelming by interactions involving
pairs of molecules. However, it is also well-known2–4 that
three-body interactions can make asmall but significant con-
tribution to the energy of the liquid. Calculations of the con-
figuration energy2,4 of atoms indicate that three-body inter-
actions make a contribution of typically 5%–10% to the
overall energy. There is also evidence3,4 to indicate that the
contribution of three-body interactions for molecules is con-
siderably higher. The influence this relatively small contribu-
tion has on the observed properties of the fluid is unclear.
This uncertainty arises from a number of factors such as the
adequacy of the two-body potential and the incomplete cal-
culation of three-body interactions. Often, two-body poten-
tials are used which do not truly reflect the contribution from
two-body interactions but which effectively include contri-
butions from other many-body interactions. Calculations of
three-body interactions typically only consider contributions
from the Axilrod–Teller5 term. The Axilrod–Teller term
only accounts for triple-dipole interactions whereas other
three-body interactions arising from high multipoles are
possible.6,7 Furthermore, the effect of three-body repulsion is
most commonly ignored.

The vapor–liquid phase transition represents an impor-
tant property which is sensitive to intermolecular interac-
tions. Gibbs ensemble Monte Carlo8 simulations provide an
effective means of relating the vapor–liquid transition to the
underlying intermolecular interactions as described by a suit-
able intermolecular potential. Previous work9–11 on the role
of three-body interactions on the phase behavior of pure
atomic systems has been restricted to the Axilrod–Teller
term and the calculations have been confined exclusively to
argon. In addition, calculations on the influence of three-
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body interactions on phase behavior of some theoretical bi-
nary mixtures are also available.12,13 Sadus and Prausnitz9

reported that the Axilrod–Teller term contributes typically
5% of the overall energy of the liquid phase of argon. Cal-
culations for the vapor–liquid coexistence of argon by Anta
et al.10 and Sadus11 using a combination of the Lennard-
Jones and Axilrod–Teller potentials indicate that the inclu-
sion of three-body interaction deteriorates the agreement be-
tween theory and experiment for the coexisting liquid phase
densities. This failure can be attributed to the effective nature
of the Lennard-Jones potential. Anta et al.10 reported good
results for vapor–liquid coexistence of argon using the
Aziz–Slaman14 potential in conjunction with the Axilrod–
Teller term. Unlike the Lennard-Jones potential, the Aziz–
Slaman potential is agenuine representation of the contribu-
tion of only two-body interactions.

The aim of this work is to investigate comprehensively
the role of other multipole three-body dispersion terms in
addition to theAxilrod–Teller term on thevapor–liquid tran-
sitions observed for argon, krypton, and xenon.

II. THEORY

A. Intermolecula r potentials

Several accurate two-body potentials are available in the
literature.1 We have chosen to use the potentials proposed by
Barker et al.2,15–17 because of their well-known accuracy and
the availability of intermolecular potential parameters for ar-
gon, krypton, and xenon. A recent review of intermolecular
potential is available elsewhere.18 The two-body interactions
of argon are well represented by the Barker–Fisher–Watts
~BFW! potential.2 The BFW potential is a linear combination
of the Barker–Pompe15 (uBP) and Bobetic–Barker16 (uBB)
potentials,

u2~r !50.75uBB~r !10.25uBP~r !, ~1!

where the potentials of Barker–Pompe and Bobetic–Barker
have the following form:
3 © 1999 American Institute of Physics
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TABLE I. Summary of the intermolecular potential parameters used in this work.

Argona Kryptonb Xenonc

nDDD(a.u.)d 518.3 1572 5573
nDDQ(a.u.)e 687.5 2272 9448
nDQQ(a.u.)e 2687 9648 45770
nQQQ(a.u.)e 10639 41478 222049
nDDD~a.u.)f 210570 248465 2284560
«/k(K) 142.095 201.9 281.0
s~Å! 3.3605 3.573 3.890
Rm(Å ) 3.7612 4.0067 4.3623

Barker–Pompe Bobetic–Barker

a 12.5 12.5 12.5 12.5
a8 12.5 12.5
d 0.01 0.01 0.01 0.01
A0 0.2349 0.29214 0.23526 0.2402
A1 24.7735 24.41458 24.78686 24.8169
A2 210.2194 27.70182 29.2 210.9
A3 25.2905 231.9293 28.0 225.0
A4 0.0 2136.026 230.0 250.7
A5 0.0 2151.0 2205.8 2200.0
P 29.0 59.3
Q 68.67 71.1
C6 1.0698 1.11976 1.0632 1.0544
C8 0.1642 0.171551 0.1701 0.1660
C10 0.0132 0.013748 0.0143 0.0323

aTwo-body parameters from Ref. 2.
bTwo-body parameters from Ref. 17.
cTwo-body parameters from Ref. 17.
dFrom Ref. 20.
eFrom Ref. 22.
fFrom Ref. 21.
t-
u2~r !5«F(
i 50

5

Ai~x21! i exp @a~12x!#2(
j 50

2
C2 j 16

d1x2 j 16G .

~2!

In Eq. ~2!, x5r /r m where r m is the intermolecular separation
at which the potential has a minimum value and the other
parameters are obtained by fitting the potential to experimen-
tal data for molecular beam scattering, second virial coeffi-
cients, and long-range interaction coefficients. The contribu-
tion from repulsion has an exponential-dependence on
intermolecular separation and the contribution to dispersion
of the C6 , C8 , and C10 coefficients are included. The only
difference between the Barker–Pompe and Bobetic–Barker
potentials is that a different set of parameters is used in each
case. These parameters2 are summarized in Table I.

The molecule-specific nature of the intermolecular po-
tential is illustrated by attempts to use Eq. ~2! for other noble
gases such as krypton and xenon. Barker et al.17 reported
that modifications to Eq. ~2! were required to obtain an op-
timal representation for these larger noble gases. For krypton
and xenon, they determined a potential of the form:

u2~r !5u0~r !1u1~r !, ~3!

where u0(r ) is identical to Eq. ~2! and u1(r ) is given by:

u1~r !5H @P~x21!41Q~x21!5 exp @a8~12x!# x.1,

0 x<1,

~4!
and a8, P, andQ are additional parameters obtained by fi
ting data for differential scattering cross sections. In this
Copyright ©2001. A
work we have used Eq. ~3! to predict the properties of kryp-
ton and xenon with the parameters17 summarized in Table I.

Different types of interaction are possible depending on
the distribution of multipole moments between the atoms. In
principle, the dispersion or long-range nonadditive three-
body interaction is the sum of these various combinations of
multipole moments.6 In this work, we have considered con-
tributions from dipoles ~D! and quadrupoles ~Q! which are
likely to make the most substantial effects on three-body
dispersion:

u3BDisp5uDDD1uDDQ1uDQQ1uDDD41uQQQ. ~5!

These terms are all third-order with the exception of the con-
tribution of the fourth-order triple-dipole term (uDDD4). The
main contribution to attractive three-body interaction is the
third-order triple-dipole term (uDDD). The other terms col-
lectively (uDDQ1uDQQ1uQQQ1uDDD4) are the higher mul-
tipole contributions.

The triple-dipole potential can be evaluated from the for-
mula proposed by Axilrod and Teller5:

uDDD~ i j k!5
nDDD~ i j k!~113 cosu i cosu j cosuk!

~r i j r ikr jk!3 , ~6!

where nDDD( i j k) is the nonadditive coefficient, and the
angles and intermolecular separations refer to a triangular
configuration of atoms. A detailed derivation of Eq. ~6! from
third-order perturbation theory has been given by Axilrod.19

The contribution of the Axilrod–Teller potential can be
either negative or positive depending on the orientation
ll Rights Reserved.
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adopted by the three atoms. The potential is positive for an
acute triangular arrangement of atoms whereas it is negative
for near linear geometries. The potential can be expected to
make an overall repulsive contribution in a close-packed
solid and in the liquid-phase. The r 23 terms indicate that the
magnitude of the potential is very dependent on intermolecu-
lar separation. The major contribution to the potential will
occur for configurations in which at least one pair of atoms is
in close proximity to each other.
Copyright ©2001. A
Bell6 has derived the other multipolar nonadditive third-
order potentials:

uDDQ~ i j k!5
3nDDQ~ i j k!

16r i j
3 ~r jkr ik!4 3@9 cosuk225cos3uk

16 cos~u i2u j !~315 cos2uk!#, ~7!
uDQQ~ i j k!5
15nDQQ~ i j k!

64r jk
5 ~r i j r ik!4 3F3~ cosu i15 cos3u i !120cos~u j2uk!~123 cos2u i !

170cos2~u j2uk! cosu i
G , ~8!

uQQQ~ i j k!5
15nQQQ~ i j k!

128~r i j r ikr jk!5 3F2271220cosu i cosu j cosuk1490cos2u i cos2u j cos2uk

1175@ cos2~u i2u j !1 cos2~u j2uk!1 cos2~uk2u i !#
G , ~9!
where Eqs. ~7!, ~8!, and ~9! represent the effect of dipole–
dipole–quadrupole, dipole–quadrupole–quadrupole, and
quadrupole–quadrupole–quadrupole interactions, respec-
tively. Formulas for the different ordering of the multipole
moments on the three atoms ~i.e., QDD, DQD, QDQ, and
QQD! can be generated from Eqs. ~8! and ~9! by cyclic per-
mutation of u i , u j , uk , and r ik . The dipole–dipole–
octupole term has also been evaluated by Doran and Zucker7

but it is not considered in this work because of uncertainties
in evaluating the DDO coefficient. The fourth-order triple-
dipole term can be evaluated from7

uDDD4~ i j k!5
45nDDD4~ i j k!

64 F11 cos2 u i

~r ikr i j !
6 1

11 cos2 u j

~r i j r jk!6

1
11 cos2 uk

~r ikr jk!6 G . ~10!

The coefficients20–22 for these three-body terms are summa-
rized in Table I. Strategies for calculating multipole mo-
ments have been discussed recently.22 Combining the contri-
butions from two-body and three-body interactions yields an
overall intermolecular potential for the fluid:
u~r !5u2~r !1u3BDisp~r !. ~11!

B. Simulatio n details

The NVT Gibbs ensemble8 was implemented for a sys-
tem of 500 atoms. The simulations were performed in cycles
consisting typically of 500 attempted displacements, an at-
tempted volume change and 500 interchange attempts. Typi-
cally, 1500 cycles were used for equilibration and a further
1500 cycles were used to accumulate ensemble averages.
Periodic boundary conditions were applied. The two-body
potentials were truncated at half the box length and appro-
priate long range correction terms were evaluated to recover
the contribution to pressure, energy, and chemical potential
of the full intermolecular potential.23 Some care needs to be
taken with the three-body potentials because the application
of a periodic boundary can potentially destroy the position-
invariance of three particles.24 We examined the behavior of
the three-body terms for many thousands of different orien-
tations and intermolecular separations. Al l the three-body
terms asymptote rapidly to zero with increasing intermolecu-
lar separation. For a system size of 500 or more atoms, we
TABLE II . Vapor–liquid coexistence properties of argon from molecular simulation using the two-body BFW
potential @Eq. ~1!#. The values in brackets represent the uncertainty of the last digit.

T* rL* PL*  EL* mL* rV*  PV*  EV* mV*

0.700 0.806~4! 20.018~38! 25.18~3! 23.67 0.006~1! 0.004~1! 20.06~2! 23.70
0.750 0.781~3! 0.007~21! 24.98~2! 23.67 0.008~1! 0.006~1! 20.08~3! 23.68
0.825 0.741~4! 0.020~14! 24.66~3! 23.43 0.021~2! 0.015~2! 20.19~3! 23.39
0.850 0.727~5! 0.022~19! 24.56~3! 23.49 0.023~2! 0.017~3! 20.21~3! 23.42
0.875 0.711~5! 0.017~16! 24.44~4! 23.47 0.030~2! 0.022~3! 20.26~3! 23.36
0.900 0.696~5! 0.022~19! 24.33~4! 23.39 0.033~3! 0.025~3! 20.29~3! 23.38
0.925 0.678~3! 0.036~10! 24.20~2! 23.40 0.041~2! 0.031~3! 20.35~3! 23.32
0.950 0.661~10! 0.037~22! 24.08~6! 23.35 0.049~5! 0.037~7! 20.41~4! 23.30
0.975 0.644~6! 0.049~16! 23.97~4! 23.34 0.057~5! 0.042~6! 20.47~4! 23.28
1.000 0.622~7! 0.056~13! 23.81~4! 23.24 0.073~7! 0.051~12! 20.59~6! 23.23
1.025 0.597~8! 0.062~17! 23.66~5! 23.25 0.082~6! 0.058~11! 20.64~6! 23.23
1.050 0.574~9! 0.071~21! 23.50~5! 23.22 0.104~7! 0.069~13! 20.82~6! 23.18
1.075 0.540~12! 0.080~27! 23.31~7! 23.20 0.112~10! 0.075~19! 20.86~8! 23.20
ll Rights Reserved.
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TABLE III . Vapor–liquid coexistence properties of argon from molecular simulation using the two-body BFW potential @Eq. ~1!#1three-body ~DDD1DDQ
1DQQ1DDD4! intermolecular potentiais. The values in brackets represent the uncertainty of the last digit.

T*

0.750 0.825 0.850 0.875 0.900 0.925 0.950 0.975 1.00

rL*  0.742~5! 0.685~8! 0.671~10! 0.658~10! 0.639~11! 0.613~11! 0.600~10! 0.564~11! 0.513~30!
PL tot*  0.044~89! 0.017~38! 0.020~50! 0.028~41! 0.033~52! 0.035~41! 0.049~36! 0.045~39! 0.052~100!
PL 2body*  20.914~77! 20.854~21! 20.825~30! 20.809~21! 20.788~30! 20.743~20! 20.718~17! 20.673~19! 20.591~51!
PL DDD*  0.375~8! 0.271~9! 0.250~10! 0.235~8! 0.218~9! 0.190~9! 0.175~7! 0.149~7! 0.117~15!
PL DDQ*  0.125~3! 0.090~3! 0.083~3! 0.078~3! 0.072~3! 0.062~3! 0.057~2! 0.049~3! 0.038~5!
PL DQQ*  0.0254~7! 0.0186~7! 0.0170~7! 0.0159~6! 0.0147~6! 0.0127~7! 0.0117~6! 0.0099~6! 0.0076~11!
PL QQQ*  0.0023~1! 0.0017~1! 0.0015~1! 0.0014~1! 0.0013~1! 0.0011~1! 0.0010~1! 0.0009~1! 0.0007~1!
PL DDD4*  20.124~3! 20.074~2! 20.068~2! 20.063~2! 20.058~1! 20.052~2! 20.046~1! 20.040~1! 20.033~3!
EL tot*  24.53~3! 24.13~6! 24.01~7! 23.97~5! 23.89~7! 23.68~6! 23.57~6! 23.39~6! 23.09~16!
EL 2body*  24.73~3! 24.33~6! 24.16~6! 24.06~7! 23.99~6! 23.83~7! 23.71~6! 23.49~6! 23.19~16!
EL DDD*  0.169~3! 0.132~3! 0.125~3! 0.119~3! 0.113~3! 0.103~3! 0.097~2! 0.088~3! 0.076~6!
EL DDQ*  0.046~1! 0.036~1! 0.034~1! 0.032~1! 0.031~1! 0.028~1! 0.026~1! 0.023~1! 0.020~2!
EL DQQ*  0.0079~2! 0.0063~2! 0.0059~2! 0.0056~1! 0.0053~1! 0.0048~2! 0.0045~1! 0.0040~2! 0.0034~3!
EL QQQ*  0.00061~2! 0.00049~1! 0.00046~1! 0.00043~1! 0.00041~1! 0.00037~1! 0.00035~1! 0.00031~1! 0.00026~2!
EL DDD4*  20.0419~10! 20.0268~4! 20.0256~4! 20.0240~5! 20.0227~4! 20.0212~5! 20.0192~4! 20.0178~5! 20.0161~7!
mL*  23.47 23.48 23.53 23.40 23.35 23.36 23.29 23.26 23.28
rV*  0.0095~17! 0.0174~15! 0.0218~18! 0.0295~37! 0.0350~48! 0.0401~38! 0.0536~56! 0.0605~52! 0.0655~32!
PV tot*  0.0067~16! 0.0128~17! 0.0162~21! 0.0216~46! 0.0259~64! 0.0301~51! 0.0388~83! 0.0440~83! 0.0490~56!
PV 2body*  20.0005~4! 20.0016~4! 20.0024~5! 20.0043~13! 20.0057~20! 20.0071~15! 20.0126~28! 20.0155~31! 20.0172~23!
PV DDD*  1023 0.0005~22! 0.0212~156! 0.0432~198! 0.0846~533! 0.1350~726! 0.1911~609! 0.442~116! 0.567~145! 0.700~138!
PV DDQ*  1024 0.001~4! 0.070~65! 0.128~66! 0.249~172! 0.406~217! 0.572~188! 1.313~341! 1.67~418! 2.067~428!
PV DQQ*  1025 0.001~6! 0.148~167! 0.239~142! 0.468~364! 0.775~418! 1.092~374! 2.486~636! 3.135~773! 3.896~864!
PV QQQ*  1026 0.001~4! 0.135~170! 0.198~132! 0.390~336! 0.659~362! 0.931~327! 2.106~532! 2.648~646! 3.307~779!
PV DDD4*  1024 20.0016~25! 20.048~28! 20.111~55! 20.234~135! 20.385~220! 20.530~168! 21.249~330! 21.628~408! 22.015~371!
EV tot*  20.07~2! 20.15~3! 20.20~3! 20.26~5! 20.30~5! 20.34~3! 20.45~4! 20.49~5! 20.52~3!
EV 2body*  20.07~2! 20.15~3! 20.20~3! 20.26~5! 20.30~5! 20.34~3! 20.46~4! 20.49~5! 20.52~3!
EV DDD*  1023 0.02~7! 0.39~28! 0.64~28! 0.87~45! 1.21~49! 1.55~37! 2.65~46! 2.98~55! 3.47~60!
EV DDQ*  1023 0.003~10! 0.11~9! 0.16~8! 0.21~12! 0.30~12! 0.38~9! 0.65~11! 0.72~13! 0.84~16!
EV DQQ*  1024 0.002~12! 0.19~20! 0.25~15! 0.33~23! 0.48~21! 0.62~16! 1.04~17! 1.14~20! 1.34~27!
EV QQQ*  1025 0.001~7! 0.15~18! 0.18~12! 0.24~18! 0.35~16! 0.46~13! 0.76~13! 0.84~15! 0.98~22!
EV DDD4*  1023 20.004~6! 20.066~36! 20.124~59! 20.182~83! 20.259~111! 20.322~75! 20.563~102! 20.642~115! 20.750~119!
mV*  23.57 23.51 23.46 23.36 23.34 23.34 23.25 23.25 23.26
found truncating the three-body potentials at intermolecular
separations greater than a quarter of the length of the simu-
lation box to be an excellent approximation to the full poten-
tial that also avoided the problem of three-body invariance to
periodic boundary conditions. The three-body simulations
commonly require 20 and 12 CPU h on the Fujitsu VP300
and NEC SX-4/32 supercomputers, respectively.
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III. RESULTS AND DISCUSSION

The results of Gibbs ensemble simulations for the
vapor–liquid properties of argon, krypton, and xenon are re-
ported in Tables II–VII . The remaining stable noble gases,
helium and neon, were not considered because of uncertain-
ties arising from quantum effects. Some molecular dynamics
TABLE IV. Vapor–liquid coexistence properties of krypton from molecular simulation using the two-body
Barker et al. potential @Eq. ~3!#. The values in brackets represent the uncertainty of the last digit.

T* rL* PL*  EL* mL* rV*  PV*  EV* mV*

0.700 0.800~4! 20.002~33! 25.05~3! 23.58 0.007~2! 0.005~1! 20.07~3! 23.55
0.750 0.774~3! 0.001~21! 24.84~3! 23.55 0.010~1! 0.007~1! 20.09~2! 23.53
0.825 0.735~5! 0.020~19! 24.53~4! 23.39 0.024~2! 0.017~2! 20.21~2! 23.31
0.850 0.718~4! 0.013~12! 24.41~3! 23.35 0.026~2! 0.019~2! 20.22~3! 23.34
0.875 0.700~5! 0.020~15! 24.28~4! 23.33 0.031~4! 0.023~4! 20.27~4! 23.32
0.900 0.687~5! 0.034~12! 24.18~3! 23.28 0.041~4! 0.030~4! 20.36~4! 23.24
0.925 0.666~7! 0.036~16! 24.04~4! 23.26 0.048~7! 0.034~10! 20.41~7! 23.23
0.950 0.647~3! 0.044~13! 23.91~2! 23.23 0.059~3! 0.041~5! 20.48~3! 23.18
0.975 0.624~9! 0.048~18! 23.76~6! 23.19 0.067~5! 0.047~7! 20.54~4! 23.18
1.000 0.609~6! 0.065~14! 23.66~3! 23.16 0.087~4! 0.059~7! 20.68~5! 23.12
1.025 0.573~17! 0.073~26! 23.44~9! 23.16 0.098~12! 0.065~20! 20.75~8! 23.13
1.050 0.548~18! 0.084~31! 23.28~9! 23.12 0.131~18! 0.080~33! 20.98~14! 23.09
1.065 0.530~23! 0.094~46! 23.18~12! 23.11 0.141~16! 0.082~33! 21.05~11! 23.08
ll Rights Reserved.
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TABLE V. Vapor–liquid coexistence properties of krypton from molecular simulation using the two-body Barker et al. @Eq. ~3!#1three-body ~DDD1DDQ
1DQQ1DDD4! intermolecular potentials. The values in brackets represent the uncertainty of the last digit.

T*

0.750 0.825 0.850 0.875 0.900 0.925 0.950 0.975

rL*  0.712~6! 0.671~9! 0.642~9! 0.631~8! 0.616~7! 0.585~14! 0.528~23! 0.509~23!
PL tot*  0.051~75! 0.026~45! 0.028~35! 0.036~39! 0.040~26! 0.048~48! 0.045~77! 0.066~71!
PL 2body*  20.899~46! 20.848~23! 20.807~15! 20.784~21! 20.758~12! 20.703~20! 20.616~40! 20.573~34!
PL DDD*  0.390~25! 0.306~12! 0.273~9! 0.255~11! 0.233~7! 0.202~13! 0.157~13! 0.138~12!
PL DDQ*  0.127~9! 0.098~4! 0.088~3! 0.082~4! 0.074~2! 0.064~4! 0.049~4! 0.043~4!
PL DQQ*  0.0253~18! 0.0194~9! 0.0172~7! 0.0160~8! 0.0146~5! 0.0125~9! 0.0095~9! 0.0084~8!
PL QQQ*  0.0022~2! 0.0017~1! 0.0015~1! 0.0014~1! 0.00125~5! 0.0011~1! 0.0008~1! 0.0007~1!
PL DDD4*  20.135~11! 20.105~3! 20.096~2! 20.087~4! 20.079~2! 20.071~3! 20.056~3! 20.049~4!
EL tot*  24.28~3! 23.98~6! 23.83~5! 23.72~5! 23.59~4! 23.43~8! 23.13~10! 23.00~11!
EL 2body*  24.49~4! 24.08~7! 23.97~5! 23.88~6! 23.75~4! 23.55~8! 23.23~10! 23.10~11!
EL DDD*  0.183~11! 0.152~4! 0.141~3! 0.134~4! 0.126~2! 0.115~5! 0.098~4! 0.090~5!
EL DDQ*  0.049~3! 0.040~1! 0.037~1! 0.035~1! 0.033~1! 0.030~1! 0.025~1! 0.023~1!
EL DQQ*  0.0082~6! 0.0067~2! 0.0062~2! 0.0058~2! 0.0055~1! 0.0049~2! 0.0041~2! 0.0038~2!
EL QQQ*  0.00061~4! 0.00050~2! 0.00046~1! 0.00043~2! 0.00041~1! 0.00036~2! 0.00030~2! 0.00028~2!
EL DDD4*  20.047~4! 20.039~1! 20.0372~5! 20.035~1! 20.032~1! 20.030~1! 20.027~1! 20.024~1!
mL*  23.62 23.37 23.38 23.24 23.15 23.24 23.20 23.17
rV*  0.0105~12! 0.0203~15! 0.0246~20! 0.0348~37! 0.0429~17! 0.0477~31! 0.0578~33! 0.0737~61!
PV tot*  0.0074~12! 0.0148~18! 0.0183~25! 0.0253~50! 0.0316~25! 0.0350~45! 0.0409~46! 0.0507~104!
PV 2body*  20.0005~3! 20.0020~6! 20.0027~8! 20.0054~17! 20.0073~9! 20.0095~16! 20.0146~14! 20.0224~42!
PV DDD*  1023 0.006~6! 0.0374~148! 0.0653~232! 0.171~77! 0.269~44! 0.338~67! 0.652~117! 1.20~29!
PV DDQ*  1024 0.018~24! 0.111~42! 0.185~75! 0.497~228! 0.795~142! 0.971~183! 1.86~36! 3.44~85!
PV DQQ*  1025 0.029~53! 0.205~81! 0.327~153! 0.908~423! 1.47~29! 1.74~32! 3.33~69! 6.22~1.58!
PV QQQ*  1026 0.024~50! 0.168~71! 0.257~131! 0.738~345! 1.21~26! 1.40~25! 2.67~58! 5.05~1.31!
PV DDD4*  1024 20.036~24! 20.127~34! 20.225~58! 20.601~255! 20.978~156! 21.27~26! 22.38~40! 24.40~1.08!
EV tot*  20.09~2! 20.18~3! 20.21~2! 20.29~4! 20.36~2! 20.38~3! 20.47~3! 20.58~6!
EV 2body*  20.09~2! 20.18~3! 20.21~2! 20.30~4! 20.36~2! 20.39~3! 20.47~3! 20.58~6!
EV DDD*  1023 0.18~17! 0.59~22! 0.86~24! 1.56~55! 2.08~30! 2.31~33! 3.64~46! 5.27~90!
EV DDQ*  1023 0.04~5! 0.14~5! 0.20~6! 0.37~14! 0.50~8! 0.54~7! 0.85~12! 1.24~22!
EV DQQ*  1024 0.05~10! 0.23~9! 0.30~11! 0.58~23! 0.79~14! 0.82~11! 1.28~20! 1.89~35!
EV QQQ*  1025 0.04~8! 0.16~7! 0.20~8! 0.41~16! 0.56~11! 0.57~8! 0.89~15! 1.33~26!
EV DDD4*  1023 20.082~50! 20.149~38! 20.222~48! 20.411~138! 20.567~77! 20.649~94! 20.996~113! 21.45~25!
mV*  23.52 23.40 23.37 23.25 23.20 23.21 23.19 23.13
l

studies and ab initio calculations for helium and neon have
been reported recently.25–27 The normal convention was
adopted for the reduced density (r* 5rs3), temperature
(T* 5kT/«), energy (E* 5E/«), pressure (P* 5Ps3/«)
and chemical potential ~m*5m/«!. The chemical potentia
was determined from the equation proposed by Smit et al.28

The uncertainties in the ensemble averages for density, tem-
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perature, energy, and pressure reported in Tables II–VII
were calculated by dividing the post-equilibrium results into
ten sections. The estimated errors represent the standard de-
viations of the section averages. An error estimate for the
chemical potential cannot be estimated in this way because it
is the average of the entire post-equilibrium simulation. A
comparison of simulation results with experiment is given in
TABLE VI. Vapor–liquid coexistence properties of xenon from molecular simulation using the two-body
Barker et al. potential @Eq. ~3!#. The values in brackets represent the uncertainty of the last digit.

T* rL* PL*  EL* mL* rV*  PV*  EV* mV*

0.700 0.801~5! 20.010~36! 25.07~3! 23.72 0.006~1! 0.004~1! 20.06~2! 23.63
0.750 0.777~4! 20.005~21! 24.88~3! 23.43 0.011~2! 0.008~1! 20.10~2! 23.49
0.825 0.733~4! 0.005~15! 24.54~2! 23.32 0.022~3! 0.016~3! 20.20~4! 23.35
0.850 0.715~6! 0.021~20! 24.41~4! 23.42 0.027~3! 0.020~3! 20.24~3! 23.32
0.875 0.701~3! 0.027~20! 24.31~2! 23.37 0.032~3! 0.023~4! 20.28~3! 23.30
0.900 0.682~4! 0.026~19! 24.17~3! 23.34 0.037~3! 0.027~4! 20.32~3! 23.29
0.925 0.664~8! 0.031~16! 24.05~5! 23.28 0.047~6! 0.034~7! 20.39~4! 23.24
0.950 0.644~9! 0.038~22! 23.91~6! 23.25 0.055~3! 0.040~4! 20.46~3! 23.22
0.975 0.623~9! 0.045~21! 23.77~6! 23.20 0.068~6! 0.048~10! 20.55~7! 23.18
1.000 0.605~9! 0.063~23! 23.65~6! 23.18 0.082~6! 0.056~10! 20.65~4! 23.15
1.025 0.583~11! 0.072~19! 23.51~7! 23.15 0.099~9! 0.066~15! 20.77~6! 23.12
1.050 0.549~14! 0.083~27! 23.30~8! 23.15 0.123~10! 0.077~19! 20.94~8! 23.10
1.075 0.501~88! 0.103~183! 23.02~48! 23.10 0.160~17! 0.088~34! 21.18~12! 23.07
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TABLE VII . Vapor–liquid coexistence properties of xenon from molecular simulation using the two-body Barker et al. @Eq. ~3!#1three-body ~DDD1DDQ
1DQQ1DDD4! intermolecular potentials. The values in brackets represent the uncertainty of the last digit.

T*

0.750 0.825 0.850 0.875 0.900 0.925 0.950 0.975

rL*  0.706~6! 0.671~9! 0.634~12! 0.617~15! 0.599~11! 0.578~13! 0.517~23! 0.511~26!
PL tot*  0.009~38! 0.024~53! 0.010~46! 0.030~64! 0.031~44! 0.059~61! 0.039~79! 0.060~89!
PL 2body*  20.947~26! 20.875~29! 20.828~20! 20.779~31! 20.751~21! 20.696~34! 20.611~39! 20.596~42!
PL DDD*  0.444~9! 0.364~15! 0.314~14! 0.288~18! 0.260~13! 0.235~14! 0.178~16! 0.169~20!
PL DDQ*  0.140~3! 0.114~5! 0.098~5! 0.090~6! 0.081~4! 0.073~5! 0.054~5! 0.052~6!
PL DQQ*  0.0268~6! 0.0216~10! 0.0184~9! 0.0168~12! 0.0150~8! 0.0136~9! 0.0100~10! 0.0095~13!
PL QQQ*  0.0022~1! 0.0018~1! 0.0015~1! 0.0014~1! 0.0012~1! 0.0011~1! 0.0008~1! 0.0008~1!
PL DDD4*  20.191~5! 20.157~5! 20.139~4! 20.128~5! 20.114~5! 20.102~5! 20.082~5! 20.074~6!
EL tot*  24.21~4! 23.96~6! 23.78~6! 23.63~8! 23.52~6! 23.40~8! 23.07~10! 23.02~13!
EL 2body*  24.48~4! 24.10~7! 23.93~7! 23.80~9! 23.64~7! 23.53~8! 23.17~11! 23.13~14!
EL DDD*  0.209~3! 0.181~5! 0.165~5! 0.155~6! 0.145~5! 0.135~5! 0.114~5! 0.109~7!
EL DDQ*  0.054~1! 0.047~1! 0.042~1! 0.040~2! 0.037~1! 0.034~1! 0.028~2! 0.027~2!
EL DQQ*  0.0087~2! 0.0075~3! 0.0067~2! 0.0063~3! 0.0058~2! 0.0054~2! 0.0044~3! 0.0043~4!
EL QQQ*  0.00062~1! 0.00053~2! 0.00047~2! 0.00044~2! 0.00041~2! 0.00038~2! 0.00031~2! 0.00030~3!
EL DDD4*  20.067~1! 20.059~1! 20.055~1! 20.052~1! 20.048~2! 20.044~2! 20.039~1! 20.036~1!
mL*  23.41 23.28 23.33 23.30 23.22 23.20 23.18 23.15
rV*  0.0109~17! 0.0227~27! 0.0245~27! 0.0313~36! 0.0414~45! 0.0513~67! 0.0566~46! 0.0746~33!
PV tot*  0.0075~16! 0.0163~31! 0.0180~31! 0.0229~43! 0.0301~57! 0.0366~97! 0.0419~66! 0.0514~54!
PV 2body*  20.0006~3! 20.0025~8! 20.0030~8! 20.0046~11! 20.0075~15! 20.0113~34! 20.0125~21! 20.0227~20!
PV DDD*  1023 0.0050~75! 0.0686~472! 0.0838~364! 0.148~62! 0.311~116! 0.542~177! 0.717~105! 1.546~217!
PV DDQ*  1024 0.009~24! 0.198~151! 0.233~111! 0.411~175! 0.883~345! 1.518~472! 2.031~296! 4.365~650!
PV DQQ*  1025 0.002~50! 0.357~299! 0.400~216! 0.706~307! 1.559~640! 2.642~798! 3.573~524! 7.67~121!
PV QQQ*  1026 20.006~41! 0.282~251! 0.302~184! 0.534~241! 1.213~519! 2.039~613! 2.789~412! 5.969~982!
PV DDD4*  1024 20.0317~242! 20.299~163! 20.367~136! 20.637~291! 21.416~559! 22.475~791! 23.293~514! 27.17~102!
EV tot*  20.11~2! 20.21~3! 20.21~3! 20.27~4! 20.34~5! 20.42~6! 20.45~3! 20.59~3!
EV 2body*  20.11~2! 20.21~4! 20.21~3! 20.27~4! 20.35~5! 20.42~6! 20.45~3! 20.60~3!
EV DDD*  1023 0.15~25! 0.94~57! 1.08~45! 1.50~49! 2.39~66! 3.38~73! 4.12~34! 6.67~68!
EV DDQ*  1023 0.02~7! 0.22~15! 0.25~11! 0.34~12! 0.56~17! 0.78~16! 0.95~8! 1.54~17!
EV DQQ*  1024 20.01~13! 0.34~25! 0.36~19! 0.49~17! 0.83~27! 1.15~23! 1.42~13! 2.29~27!
EV QQQ*  1025 20.02~9! 0.23~18! 0.24~14! 0.32~12! 0.56~19! 0.77~16! 0.96~9! 1.55~19!
EV DDD4*  1023 20.078~65! 20.307~144! 20.356~120! 20.479~168! 20.815~237! 21.158~234! 21.415~127! 22.316~241!
mV*  23.50 23.34 23.38 23.32 23.23 23.19 23.20 23.13
Figs. 1, 3, and 4. The relative contribution to energy of the
various three-body interactions for the liquid-phase of argon
is illustrated in Fig. 2.

The coexistence properties obtained from argon using
the BFW potential are summarized in Table II and the BFW
1three-body calculations are reported in Table III . In Fig. 1,
experimental data for the vapor–liquid phase envelope of
argon are compared with simulation results obtained in this
work and data reported by Anta et al.10 for the
Aziz–Slaman14 and Aziz–Slaman141Axilrod–Teller5 inter-
molecular potentials. Miyano29 has also reported some cal-
culations for argon using the BFW potential. The comparison
with experiment in Fig. 1 indicates that both the BFW and
Aziz–Slaman potentials do not predict the liquid phase co-
existing density of argon adequately. There is generally fair
agreement for the vapor-branch of the coexistence curve.
This contrasts with calculations using the Lennard-Jones po-
tentials which normally yields good agreement with experi-
ment for liquid densities. The good agreement often
reported9 with the Lennard-Jones potential is fortuitous and
probably arises for the ‘‘effective’ ’ many-body nature of the
potential. It is apparent from Fig. 1 that genuine two-body
potentials cannot predict the liquid-phase densities of argon
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adequately. The results obtained from the BFW and Aziz–
Slaman potentials are almost identical.

Anta et al.10 reported that the addition of the Axilrod–
Teller term to the Aziz–Slaman potential resulted in a con-
siderable improvement in the agreement between theory and
experiment as is illustrated in Fig. 1. Figure 1 also shows that
the addition of the three-body term to the BFW potential
results in good overall agreement of theory with experimen-
tal data. The average relative deviations for the vapor and
liquid densities are 36.4% and 2.3%, respectively.

The contributions to both pressure and configurational
energy of the various multipole terms to the three-body in-
teractions of argon are identified in Table II . The contribu-
tion of three-body interactions to the vapor phase is negli-
gible whereas they make an important contribution to the
liquid-phase. The various three-body contributions to the
configurational energy of the liquid-phase of argon are com-
pared graphically in Fig. 2. Although Anta et al.10 reported
values of density, temperature, pressure, and configurational
energies they did not report the contribution of three-body
interactions to either the pressure or energy. It is evident
from both the data in Table II and the comparison in Fig. 2
that the triple-dipole term makes the dominant contribution
ll Rights Reserved.
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to three-body interactions. The other third-order multipole
interactions (uDDQ1uDQQ1uQQQ) contribute approximately
32% of the triple-dipole term. However, the effect of this
contribution is offset largely by an approximately equal con-
tribution ~26% of the triple-dipole term! from fourth-order
triple-dipole interactions of opposite sign. Consequently, the
Axilrod–Teller term alone is an excellent approximation of
three-body dispersion interaction. This conclusion is consis-
tent with earlier work7 on the relative magnitude of three-
body interactions.

To the best of our knowledge, previous work on the
effect of three-body interactions on the phase behavior of
fluids has been confined exclusively to argon. In Tables IV–

FIG. 1. Comparison of experiment ~d, Ref. 32! with calculation using the
BFW potential @Eq. ~1!# ~n!, the Aziz–Slaman potential ~3, Ref. 10!, the
Aziz–Slaman1Axilrod–Teller ~1, Ref. 10! and the BFW1three-body
~DDD1DDQ1DQQ1QQQ1DDD4! potentials ~n! for the vapor–liquid
coexistence of argon.

FIG. 2. Comparison of the contribution of the various three-body terms to
the configurational energy of the liquid-phase of argon.
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VII we report calculations for the vapor–liquid coexistence
of krypton and xenon. The coexistence properties calculated
from two-body potentials are summarized in Tables IV
~krypton! and VI ~xenon! whereas calculations including
two-body and three-body terms are found in Tables V ~kryp-
ton! and VI I ~xenon!. The krypton and xenon atoms are con-
siderably larger than argon and it can be anticipated that their
increased polarizability may result in an increase in the rela-
tive importance of three-body interactions. The comparison
of experiment with theory for the vapor–liquid coexistence
of krypton and xenon is illustrated in Figs. 3 and 4, respec-
tively. For both krypton and xenon, the two-body potentials

FIG. 3. Comparison of experiment ~d, Ref. 32! with calculation using the
two-body potential of Barker et al. @Eq. ~3!# ~n! and the Barker et al. @Eq.
~3!#1three-body ~DDD1DDQ1DQQ1QQQ1DDD4! potentials ~n! for
the vapor–liquid coexistence of krypton.

FIG. 4. Comparison of experiment ~d, Ref. 32! with calculation using the
two-body potential of Barker et al. @Eq. ~3!# ~n! and the Barker et al. @Eq.
~3!#1three-body ~DDD1DDQ1DQQ1QQQ1DDD4! potentials ~n! for
the vapor–liquid coexistence of xenon.
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fail to represent the liquid-phase densities adequately
whereas there is generally fair agreement for the vapor
phase. However, it is evident that the addition of three-body
interactions results in very good agreement of theory with
experiment for subcritical liquid-phase densities. For kryp-
ton, the average relative deviations for the vapor and liquid
densities are 34.5% and 1.9%, respectively. For xenon, the
average relative deviations for the vapor and liquid densities
are 35.8% and 1.4%, respectively. It should be stressed that
in all cases the agreement between theory and experiment
represent genuine predictions and no attempt has been made
to optimize the agreement by altering the intermolecular po-
tential parameters.

The relative contribution of the various multipole terms
~Tables V and VII ! to the three-body interactions of krypton
and xenon is similar to the conclusions reached for argon.
Interestingly, for xenon, the magnitude of the contribution
from the fourth-order triple-dipole term is actually slightly
greater than the dipole–dipole–quadrupole, dipole–
quadrupole–quadrupole, and triple-quadrupole terms com-
bined. Therefore, for krypton and xenon, the Axilrod–Teller
term alone is a good representation of three-body interac-
tions because the contribution of other multipole terms is
offset by the contribution from the fourth-order triple-dipole
term.

This work has not considered the possibility of interac-
tions from three-body repulsion. There is evidence1,9 that
suggests that three-body repulsion may offset the contribu-
tion of Axilrod–Teller interactions by as much as 45%.
However, this conclusion is based largely on approximate
models30 of three-body repulsion that are tied closely the
Lennard-Jones potential. The lack of theoretical insight into
three-body repulsion is in contrast to the well-developed
models of three-body dispersion. It has been suggested31 that
three-body repulsion may improve the prediction of the ther-
modynamic properties of xenon. However, the good results
obtained for argon, krypton, and xenon without including
three-body repulsion, may indicate that three-body repulsion
does not contribute significantly to vapor–liquid coexistence.

IV. CONCLUSIONS

We have demonstrated that three-body dispersion inter-
actions have a significant effect on the vapor–liquid transi-
tion of argon, krypton, and xenon. The addition of three-
body dispersion terms to an accurate two-body potential,
results in good overall agreement of theory with experimen-
tal data. The Axilrod–Teller term alone is an excellent rep-
resentation of three-body dispersion interactions because the
Copyright ©2001. A
effects of other third-order multipole terms are offset sub-
stantially by fourth-order triple-dipole interactions.
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